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Abstract. For the quantum algebra U q (gl(n +1)) in its reduction on the subalgcb- 
ra U q (gl(n)) an explicit description of a Mickclsson-Zhelobcnko reduction Z-algcbra 
Z q (gl(n+l),gl(n)) is given in terms of the generators and their defining relations. Using 
this Z-algebra we describe Hcrmitian irreducible representations of a discrete series for the 
noncompact quantum algebra U q (u(n, 1)) which is a real form of U q (g\.(n + 1)), namely, an 
orthonormal Gclfand-Graev basis is constructed in an explicit form. 
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1 Introduction 

In 1950, I.M. Gelfand and M.L. Tsetlin [I] proposed a formal description of finite-dimensional 
irreducible representations (IR) for the compact Lie algebra u(n). This description is a genera- 
lization of the results for u(2) and u(3) to the u(n) case. It is the following. In the IR space 
of u(n) there is a orthonormal basis which is numerated by the following formal schemes: 

/ min m 2n ■ ■ ■ mn-i,n m nn \ 

1Tll,n-l m2,n-l • • • W-n-l,n-l 

mi2 ?Tl22 

\ mu / 

where all numbers (1 < i < j < n) are nonnegative integers and they satisfy the standard 
inequalities, "between conditions": 

m ij+l > m ij > m i+lj+l IOT l<7<i<71— 1- 

The first line of this scheme is defined by the components of the highest weight of u(n) IR, the 
second line is defined by the components of the highest weight of u(n — 1) IR and so on. 

*This paper is a contribution to the Proceedings of the XVIIIth International Colloquium on Integrable Sys- 
tems and Quantum Symmetries (June 18-20, 2009, Prague, Czech Republic). The full collection is available at 
|http://www.emis.de/journals/SIGMA/ISQS2009.html| 
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Later this basis was constructed in many papers (see, e.g., [21[3ll3]) by using one-step lowering 
and raising operators. 

In 1965, I.M. Gelfand and M.I. Graev [5], using analytic continuation of the results for u(n), 
obtained some results for noncompact Lie algebra u(n,m). It was shown that some class of 
Hermitian IR of u(n, m) is characterized by an "extremal weight" parametrized by a set of 
integers tun = (muv, ni2N, • • • , ttinn) (N = n + m) such that m\N > rri2N > ■ ■ ■ > mNN, and 
by a representation type which is defined by a partition of n in the sum of two nonnegative 
integers a and (3, n = a + [3 (also see [6]). 

For simplicity we consider the case u(2, 1). In this case we have three types of schemes 



The numbers of the first scheme satisfy the following inequalities 

rni2 > mi 3 + 1, m\z + 1 > 777,22 > ?" 2 3 + 1, mu > mu > ?"22- 
The numbers rriij of the second scheme satisfy the following inequalities 

fn\2 > mi 3 + 1, 77133 — 1 > 771,22, "T-12 > ?"ll > ?"22- 

The numbers of the third scheme satisfy the following inequalities 

W-23 — 1 > "112 > m 33 - 1, 777,33 " 1 > ?"22, "T-12 > Tin > ?"22- 

Construction of the Gelfand-Graev basis for u(n, m) in terms of one-step lowering and raising 
operators is more complicated than in the compact case u(n + m). 

In 1975, T.J. Enright and V.S. Varadarajan [7] obtained a classification of discrete series of 
noncompact Lie algebras. Later it was proved by A.I. Molev [8] that in the case of u(n, m) the 
Gelfand-Graev modules are part of the Enright -Varadarajan modules and Molev constructed 
the Gelfand-Graev basis for u(n,m) in terms of the Mickelsson S-algebra [9]. 

A goal of this work is to obtain analogous results for the noncompact quantum algebra 
U q (u(n,m)). Since the general case is very complicated we at first consider the case U g (u(n,l)). 
The special case U q (u(2,l)) was considered in [TUl [Hj . It should be noted that the principal 
series representations of U q (u(n, 1)) were studied in [12] and a classification of unitary highest 
weight modules of U q (u(n, 1)) was considered in |13j . 

2 Quantum algebra U q (gl(N)) and its noncompact 
real forms U q (u(n, m)) (n + m = AT) 

The quantum algebra U q (gl(N)) is generated by the Chevalley elements q ±e " (i = 1, . . . ,N), 
e^i+i, ef+ijj (i = 1, 2, . . . , N — 1) with the defining relations [TH [15]: 




(2.1) 
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q e Hq e 33 = q e n q e "^ (2.2) 

q eu e jk q~ e " = <,* ■ S *e jk (\j-k\ = l), (2.3) 

[e ii+ i,e j+lj } = Sij -j , (2.4) 

q — q 

[e it i + i,ejj + i] = for \i-j\>2, (2.5) 

[e i+1)i ,e j+1 j] = for |i-j|>2, (2.6) 

[[ e v+i' e jJ+i]g' e jj+i]g = for \i- j\ = 1, (2.7) 

[[e;+i,i, ey+ij],, ej- + ij] g = for |i - j| = 1, (2.8) 

where [e j g,e 7 ] g denotes the g-commutator: 



[ep, e 7 ] 9 := e^e-y - g ( ^ 7j e 7 e/3. 

The definition of a quantum algebra also includes operations of a comultiplication A 9 , an an- 
tipode iSg, and a co-unit e g . Explicit formulas of these operations will not be used in our later 
calculations and they are not given here. 

Let £j (i = 1, 2, . . . , N) be a dual basis to the Cartan basis en (i = 1,2,..., N), £%{e.jj) = 
{si,Ej) = Sij. In terms of the orthonormal basis vectors e, the positive root system A + of gi(N) 
(U q (gl(N))) is presented as follows: 

A+ = {£i-£j\l <i <j < N}, 

where £j — Ei + \ (i = 1, 2, . . . , N — 1) are the simple roots. 

Since for construction of the composite root vectors := e £i _ £j (\i — j\ > 2) of the quantum 
algebra U q (Ql(N)) we need to use the notation of the normal ordering in the positive root system 
A + , we recall this notation. We say that the system A + is written in normal (convex) ordering, 
A+, if each positive composite root £{ — ej = (e^ — £&) + (£& — £j) (i < k < j) is located between 
its components £% — and — £j. It means that in the normal ordering system A + we have 
either 

. . . , E% £fc , . . . , £\ £j,...)£j~ £j , . . . , 

or 

■ ■ ■ j £-k £j, ■ ■ ■ , £% £j , • • • , £% £fc , • • • • 

There are many normal orderings in the root system A + = A+(gt(iV)), more than (N — 1)! for 
N > 3. To be definite, we fix the following normal ordering (see I15j) 

£i - ^2 -< e\ - £3 -< £2 - £3 -< £1 - £4 -< £2 - £4 -< £3 - £4 -< • • • -< 

£1 — £fc -< £2 — £k -< ■ ■ ■ -< £fe-l — £k -< ■ ■ ■ -< £1 — EN -< £2 — £n -< ■ ■ ■ -< Sn-i - £n- (2.9) 
According to this ordering, we determine the composite root vectors e,j for — > 2 as follows: 

Cjj := [Cjfc, Cfej']qi-l ; Cj'i := [&jki&ki\qi (2.10) 

where l<i<k<j<N. It should be stressed that the structure of the composite root vectors 
does not depend on the choice of the index k on the right-hand side of the definition (|2.10p . In 
particular, we have 

where 2 < i + 1 < j < N. 
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Using these explicit constructions and defining relations (|2.ip - (|2.8p for the Chevalley basis it 
is not hard to calculate the following relations between the Cartan-Weyl generators = 
1)2,..., N): 

q ekk eijq- ekk = q Sk ^e lj (1 < i,j, k < N), (2.12) 

- (l<i<j<N), (2.13) 



[eij, e k i] q -i = 5 jk e u (1 < i < j < k < I < N), (2.14) 

[e ik ,eji] q -i = (q - q~ x )ej k eu (1 < i < j < k < I < N), (2.15) 

[ejk, eu] q -i =0 {l<i<j<k<l< N), (2.16) 

[e lk ,e jk } q -i =0 (l<i<j<k<N), (2.17) 

[e k i,e jt ] = (l<i<j<k<l<N), (2.18) 

[e u ,e kj } = (l<i<j<k<l<N), (2.19) 

[eji, eu] = '.;/'/ ' ;; (1 < i < j < I < N), (2.20) 

[e«, e«] = e kl q ekk ~ ei1 (1 < % < k < I < N), (2.21) 

[eji,e H ] = {q~ l - q)e kl e jiq e "~ ekk (1 < i < j < k < I < N). (2.22) 

If we apply the Cartan involution (e*- = e^, q* = q~ l ) to the formulas (|2.12p ~ (|2.22|) . we get 
all relations between the elements of the Cartan-Weyl basis. 

The explicit formula for the extremal projector for U q (gi(N)), corresponding to the fixed 
normal ordering (|2.9p , has the form [14^ [15] 

p(U q (gl{N)) = p(U q (gi{N - \)){pi N P2N ■ ■ ■ Pn-2,nPn-i,n) 

= Pl2(Pl3P23) • • • (Plfc • '-Pk-l,k) ■ ■ ■ (PIN ■ "PN-1,n), (2-23) 

where the elements pij (1 < i < j < N) are given by 

oo ,_^y ( r \ - 1 

Pi i = Yl hjr ( Pv,r e ii ( %i> = q~ b ~ l ~ 1)r \ - ejj + 3 ~ * + *] \ ■ (2-24) 

r=0 ^ U=l J 

Here and elsewhere the symbol [x] is given as follows 

r i q x ~q~ x 
x = 



q-q 1 



The extremal projector p := p(U g (gl(N)) satisfies the relations: 

e iti+1 p = pe i+lji = (1 < » < JV - 1), p 2 =p. (2.25) 

The extremal projector p belongs to the Taylor extension TU q (gl(N)) of the quantum algebras 
U q (gi(N)). The Taylor extension TU q (gi(N)) is an associative algebra generated by formal 
Taylor series of the form 



f7r-i r i (a ei1 n e NN\ p f 12 f 13 p T23 

2 j U {r},{r}W ; e 21 e 31 e 32 

{f},W 



/JV-l.w ru ri3 rj3 Jn-\,n 
"N,N—1 e 12 e 13 e 23 ' ' ' C N-1,N 



provided that nonnegative integers fi2, fi3, r23, . . . , tn-i,n and ri2, n3> ?~23> • • • > i~n-i,n are sub- 
ject to the constraints 



f ij — r ij — const 
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for each formal series and the coefficients Csfis r \(q ei1 ? ■ ■ ■ ,Q eNN ) are rational functions of the 
g-Cartan elements q e ". The quantum algebra U q (gl(N)) is a subalgebra of the Taylor extension 
TU q (gl(N)), U q (gl(N)) C TU q (gl(N)). 

We consider, on the quantum algebra U q (gi(N)), two real forms: compact and noncompact. 

The compact quantum algebra U q (u(N)) can be considered as the quantum algebra U q (gi(N)) 
(N = n + m) endowed with the additional Cartan involution ★: 

h* = ht for i = 1,2,..., N, (2.26) 
= e i+lti , e* +M = e M+ i for 1 < i < N - 1, (2.27) 
q* = q or q* = q~ x . (2.28) 

Thus we have two compact real forms: with real q (q* = q) and with circular q (q* = q^ 1 ). In the 
case of the circular q the Cartan- Weyl basis ej,- = 1,2,..., N) constructed by formulas (12.101) 
is ^-invariant, i.e. e*- = eji for all 1 < i, j < N . In the case of the real q this Cartan- Weyl basis 
is not ^-invariant, since the basis vectors satisfy the relations e*j = e'j for \i — j\ > 2 where the 
root vectors are obtained from (|2.10j) by the replacement q ±l — > q Tl . 

It is reasonable to consider the real compact form on the Taylor extension TU q (gl(N)). In 
particular, it should be noted that 

p* = p for real and circular q. (2.29) 

This property is a direct consequence of a uniqueness theorem for the extremal projector, which 
states that equations (I2.25P have a unique nonzero solution in the space of the Taylor extension 
TU q {g\{N)) and this solution does not depend on the choice of normal ordering and on the 
replacement q ±l — > q^ 1 in formulas fl2. 101) . 

The noncompact quantum algebra U q (u(n,m)) can be considered as the quantum algebra 
Uq(gl(N)) (N = n + m) endowed with the additional Cartan involution *: 

h* = hi for i = 1,2,... ,N, (2.30) 
e M+i = e i+i,h e i+i,i = e i,i+i for 1 < i < iV - 1, i + n, (2.31) 

e n,n+l = ~ e n+l,n, e n+l,n = ~ e n,n+lt (2.32) 

q* = q or q* = q~ x . (2.33) 

We also have two noncompact real forms: with real q (q* = q) and with circular q (q* = q^ 1 ). 
Below we will consider the real form U q (u(n, 1)), i.e. the case N = n + 1. 

3 The reduction algebra Z q (Qt(n + l),fll(n)) 

In the linear space TU q {g\{n + 1)) we separate out a subspace of "two-sided highest vectors" 
with respect to the subalgebra U q (g\(n)) C U q {g\(n + 1)), i.e. 

Z q (g\(n + l),fl[(n)) = {x G TU q (g\(n + 1)) | e iji+1 x = xe i+M = 0, 1 < % < n - l}. 
It is evident that if x G Z q {g\(n + l),gi(n)) then 

x = pxp, 

where p := p(U q (gl(n)). Again, using the annihilation properties of the projection operator p 
we have that any vector x G Z q (gl(n + 1), g[(n)) can be presented in the form of a formal Taylor 
series on the following monomials 

P e n+X,l ' ' ' e n+l,n e n"n+l ' ' ' e l,n+lP' (3-1) 
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It is evident that Z g (gl(n + l),gl(n)) is a subalgebra in TU q {g[{n + l)). We consider a subalgebra 
Z q (gl(n + l),g[(n)) generated by finite series on monomials (|3.1|) . 
We set 

z :=p, Zi := pe i)n+ ip, z_i := pe n+1)i p (i = 1, 2, . . . , n). 

Theorem 1. The elements z% (i = 0, ±1, ±2, . . . , ±n) generate the unital associative algebra 
Z q (gi(n + 1), gt(n)) and satisfy the following relations 

z Zi = ZiZ = Zi for i = 0, ±1, ±2, . . . , ±n, (3-2) 
= z^jZi for 1 < i, j < n, i^ j, (3.3) 

ZiZj = Zj Zi ^y- - for 1 < i < j < n, (3.4) 
Wj\ 

z-iz-j = Z-jZ-i , , for l<i<j<n, (3.5) 

and 

n 

^i^-i = ^ Bi 3 z -o z i + for * = 1, 2, . . . , n, (3.6) 
i=i 

^ = -1] ' 7i = ^' n+1 ~ ' ( 3 ' 7 ' ) 

6 * = 11 FT i > Vij=eii-e#+j-t. (3.8) 
s=i+l L J 

Remark 1. The relations (|3.2p state that the element zo is an algebraic unit in Z q {g[(n + 1), 
[(n)). 

A proof of the theorem can be obtained by direct calculations using the explicit form of 
extremal projector flgjZHD , 

It should be noted that the theorem was proved by V.N.T. as early as 1989 but it has not 
been published up to now, however, the results of the theorem were used for construction of the 
Gelfand-Tsetlin basis for the compact quantum algebra U q (u(n)) [T4"l [T5]. 

For construction and study of the discrete series of the noncompact quantum algebra U q (u(n,l) 
we need other relations than (|3.6p . The system (j3.6j) expresses the elements ZiZ~i in terms of 
the elements Z-iZi (i = 1, 2, . . . , n) but we would like to express the elements z-\z\, . . . , z_ a z a , 
z a+ iZ- a -u- ■ ■ , z n Z- n in terms of the elements z±Z-i, . . . , z a z_ a , z_ a _\z a+ i, . . . , z_ n z n for a = 
0, 1, . . . , 77-0 □ These relations are given by the proposition. 

Proposition 1. The elements Z-±z±, . . . , Z- a z a , . . . , z n z_ n are expressed in terms of 

the elements z±Z-i, . . . , Z- a -iZ a +i, . . . , z_ n z n by the formulas 

a n 

3=1 l=a+l 
a n 

z k z_ k = Y, B< £ ) ZjZ-j+ J2 B H )z -l z l + Jk )z * (a + l<k<n). (3.10) 

j=l l=a+l 



1 In the case a = we have relations (|3.6[) and for a = n we obtain the system inverse to (|3.6p 
2 In Section [5] the parameter a will characterize a representation type of the discrete series. 
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Here 



,(«) 



( a ) + ( a )_ ( q)+ 



R>. ' = i B 

13 Wij + 1] ' 11 [<PU 

(«) - r,„ 



7- = -Kn+l " «]C for 1 < i, j < a < / < n, (3.11) 

,(«)-, (a)- ,(a)+ 
R («) = _^ ^_ o(«) = _K_A1 

kj W ' w tow - 1] ' 

7^ = [Vfc.rH-1 " « " l]&fc a) ~ for 1 < j < a < k, I < n, (3.12) 

where 

^(n^)(n +i ^) ^ (-> 

Scheme of proof. The relations (|3.9|) and (|3.10j) with the coefficients (|3.1ip - (|3.14J) can be 
proved by induction on a. For a = they coincide with the relations (|3.6p -( |3T8ll 3 l . Next 
we assume that relations (I3.9|) - (|3.14p are valid for a > 1 and we extract from A3. 101) the 
relation with k = a + 1 and express in it the term z_ a _iz Q+ i in terms of the elements 
ziZ-i,...,z a +iZ- a -i,Z— a -2Z a +2,..., z_ n z n ; then this expression is substituted in the right 
side of the rest relations (|3.9p and (|3.10p and after some algebraic manipulations we obtain 
the relations (|3.9p - (|3,14p where a should be replaced by a + 1. ■ 

Using (|3.3p - ([3.5p and (|3.9p - (|3.14p we can prove some power relations. 

Proposition 2. The following power relations are valid 

zlztj = z s _,Zi for 1 < i,j < n, i ^ j and r, s € N, (3.15) 



[<Pij + r}l[ipij - s]\ 
} -[<-Pij + r-s]\ 
[<Pij]\[(Pij - r + s]l 



zlz* = z s ,zl Y l \ t J " L ^ ± for 1 < i < j < n and r, s£N, (3.16) 

J J VPijV-VPij +r-s]\ 



z r _iZ s _, = z s _,z r _ t r jnr ,. ^7 for 1 < * < 3 < n and r,s (3.17) 

J J [<Pij ~ m¥ij + s]\ 



(°)f^.~ . + £ B^\r)z. m + "ft\r)z ] (1 < i < a), (3.1* 

l=a+l 




n 

**U = * r -£ [j2^\r)z jZ - j+ £ B^(r)z^z l + i a \r)z 

\j=l l=a+l 

(a+l<k<n). (3.19) 



Here 



B {a) (A - □ b (a)+ (r)b (a) ~ B {a) (r) - ^ b {a)+ (r)b H+ 

7^(0 = -HKn+i -o + r- l]6S Q)+ (r) (1 < i,j < a < i < n; re N), (3.20) 



3 In this case, the relations (|3.9[) are absent and, moreover, the first sum in the right side of the relations (|3.10[) 
is equal to for a — 0. 
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( r ) - □ 6 («>- ( r )b {a) - B {a) - [ D—b (a) - (r)b {a)+ 

7 f ) (r) = [r][( / 9 M+1 -a-r]6^ ) -(r) (1 < j < a < k, I < n; r € N), (3.21) 



where 



^-@^)(A i KSr l ) (l^i^a, ' 



Here in (I3.16D . (I3.17P and thoughtout in Section U] we use the short notation of the q- factorial 
[x + n]! = [x + n] [x + n — 1] • • • [x+ 1] [x]l instead the g-Gamma function, [x + n]! = T q ([x + n + l]). 



Sketch of proof. The relations (|3.15|) — f)3.17[) are a direct consequence of the relations (|3.3D 
(]3.5p . Relations (|3.18p and (]3.19p with the coefficients (13.20p - (]3.25p are proved by induction on 
r using the initial relations (|3.9p and (|3.10p with the coefficients (|3.1ip - (|3.14p for r = 1. ■ 

4 Shapovalov forms on Z q (gl(n + l),gl(n)) 

Let us consider properties of the Z-algebra Z q (Ql(n + 1), gl(n)) with respect to the involutions * 
UZ2BM22S1!, and * (|23U]l - ([2~33]l . 

Proposition 3. The Z-algebra Z q (Q\(n + l),g[(n)) is invariant with respect to the involutions * 
and *, besides 

Zq = z , z* = z-i for i = ±1,±2, ... ,±n, (4.1) 

and 

zl = z Q , z* = -z-i for i = ±l,±2,...,±n. (4.2) 

Proof. Because the extremal projector p = is ^-invariant, p* = p for * = *, * (see the 

formula (|2.29p ). it turns out that 

z i = P e i,n+lP' Z -i = P e n+l,iP for i = 1, 2, . . . , n. 

If q is circular, then ef n+1 = ±e n+ i^, e* +li = ±e, jn +i, where the plus belongs to the compact 
case and the minus belongs to the noncompact case, and we obtain the formulas (|4. 1[) and (|4,2p . 
If q is real, then e* +l i = ±e' ijTl+1 , e* n+1 = ±< +M where the root vectors e' i n+1 and e^ +1 ^ 
are obtained from (|2.10p by the replacement g ±1 — > q^ 1 . Let us consider the difference z^ — Zi = 
p(e'i n+ i — e-i,n+i)P for 1 < i < n). Substituting here (see the formulas (|2.1ip ) 
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and using the annihilation properties of the projector p (see (|2.25p ) we obtain z^ — Zi = p{e' in — 
ein)e n ,n+iP- I n a similar way, using explicit formulas of type (|4.3|) for the generators e' in and ej n , 
we obtain — Z{ = p{e' in _ l — ej jn _i)e n _i jn e njn+ ip. By proceeding as above, we have z* { — 
z i = P(%i+l ~ ei,i+i)e i+M+2 ei + 2,i+3 ■ ■ ■ e„_i in e nin+ ip = 0. In a similar way, we prove that 
zf - z-t = 0. ■ 

The Z-algebra Z q (Ql(n + 1), with the involution * is called the compact real form and is 

denoted by the symbol Z q c \gi(n + l),g[(n)). The noncompact real form on Z q (gi(n + l),g[(n)) 
is defined by the involution * and is denoted by the symbol Zq nc \gl(n + l),g[(n)). 

Let p( a ^ be an extremal projector for Z q (gl(n + 1), 0l( n )) satisfying the relations 

z_ iP {a) = p {a) Zi for i = 1, 2, . . . , a, 

z k p (a) = P (a) z-k for k = a + 1, a + 2, . . . , n, 

[e lu p (a) } = for i = l,2,...,n. 

The extremal projector p^ depends on the index a that defines what elements are consi- 
dered as "raising" and what elements are considered as "lowering", i.e. in our case the ele- 
ments z-2, • • • , Z— a , z a +i, ■ ■ ■ ,z n are raising and the elements z±, Z2, ■ ■ ■ , z a , z_ Q _i, . . . , z_ n 
are lowering. It should be stressed that the "raising" and "lowering" subsets generate disjoint 
subalgebras in Z q (Ql(n + l),g[(n)). The operator p^ can be constructed in an explicit form. 

Let us introduce on Zq nc \gl(n + 1), g[(n)) the following sesquilinear Shapovalov form |16| . 
For any elements x,y € Z < q nc \Q[{n + 1), g[(n)) we set 

B^(x,y) =p {a) y*xp^. (4.4) 

Therefore, the Shapovalov form also depends on the index a (a = 0, 1, 2, . . . , n). We fix a 
(a = 0, 1,2, ...,n) and for each set of nonnegative integers {r} = (n, r2, . . . , r n ) introduce 
a vector in the space Z q nc \Ql(n + l),g[(n)) by the formula 

v^ = z^---z^z^\---zL\. (4.5) 



Theorem 2. For each fixed a (a = 0, 1, 2, . . . , n) the vectors {"^j"}} are pairwise orthogonal with 
respect to the Shapovalov form (|4.4p 

and 

R ( tt )/ (o) (a)\ _ [ TT Mgyt+l - a + r, - 1]! A h]![y n+ i,; + a + n]! 

[fgij_+n - rj]\[fij - 1]! 1 r [<£u - r k + ri}\[(f M - 1]! 



n mj -rn- ijy-mj - *± tt 
., fv>ii+ril!b«-r,--ll! 11 



l<i<i<a [ ^ + n]][ ^ ~ ^ ~ 1]! a+l<k<l<n [<fkl ~ ^ ~ + ^ ! 

+ n - + n - 
Ypu + n + n]\[(pu - i]! 



TT [fil+n - l]\[<pu+n - (a) , , 

X 11 \ in „ + r,+rM,n„ -111 J Z . I 4 ' 

Kt<a<i<n 



where z^ = p^ . 
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As a consequence of this theorem we obtain that the Shapovalov form is not degenerate on 
a subspace of Z q nc \gl(n + l),g[(n)), generated by the vectors of form (|4.5p . 

In the case of the compact Z-algebra Z q c \gl(n + l),g[(n)) the Shapovalov form B(x,y) is 
defined by formula (|4.4p where a = 0, 

p (o) is 

the standard extremal projector of the quantum 
algebra U q (Ql(n + 1)) and the involution is given by formulas (|4.ip . It is not difficult to see that 

B( v {r}i v {r'}) = ${r},{r>}B( v {r}, v {r})- 
where v^ r y := vPj, and 

n 

B(v {r} ,v {r} ) = (-l)£ r V)(t$,t,£>) 



[n]![^,n+i - 1]! I r [y?fcz - r fc + n]![y? fc ; - 1]! \ (o) 



f = { [<pi,n+i -n-i\\ x< l^ l<n [<Pki -n- i\i[(pu + n]\ 



1 \ z o ■ 



5 Discrete series of representations for U q (u(n, 1)) 

As in the classical case [9] each Hermitian irreducible representation of the discrete series for the 
noncompact quantum algebra U q (u(n, 1)) is defined uniquely by some extremal vector \xw), the 
vector of extremal weightQ This vector should be the highest vector with respect to the compact 
subalgebra U q {u{n)) © U q (u(l)). Since the quantum algebra U q (u(l)) is generated only by one 
Cartan element qr^+i.n+i, the vector \xw) should be annihilated by the raising generators eij 
(1 < i < j < n) of the compact subalgebra U q (u(n)). So the vector \xw) satisfies the relations 

eu\xw) = Hi\xw) (i = 1, 2, . . . ,n + 1), 
eij\xw) = (1 < i < j < n), 

where the weight components /ij (i = 1,2, ... ,n) are integers subjected to the condition /ii > 
> • • • > fJ>n- Such weights can be compared with respect to standard lexicographic ordering, 

namely, fi > fj,' , where n = (fj,i, [i<i, . . . , fj, n ) and fi' = (/^, /4> . . . , n' n ), if a first nonvanishing 

component of the difference /i — fi' is positive. 

The component /i n +i is also an integer. In the general case of finite-dimensional irreducible 

representations of the compact quantum algebra U q (u(n)) © U q (u(l)), the weights ^=(^1,^2, 

. . . , n n ) and ii n +i are not ordering. If we choose some ordering for these weights, for example, 

(/ii, . . . , /i n +i, fJ-a+i, • • • 1 Mn)j then such n + 1-component weights can be compared. 

The extremal vector \xw) has the minimal weight := (^i,n+ij ^2,n+i, ■ ■ ■ , A n +i,n+i) 

where Ai, n+ i := ^ (i = 1,2,... ,a), A Q+ i jn+ i := /J, n+ i, A^+i^+i := m (I = a + 1, . . . ,n). The 

vector (A^^) := \xw) with the weight satisfies the relations 

z_ 4 |Ai a i) =0, for i = l,2,...,a, 
-2fc|A^ 1 ) = 0, for k = a + 1, a + 2, . . . ,n. 

It is evident that any highest weight vector |A^ 1 ;A ra ) with respect to the compact subalgebra 
U q (u(n)) has the form 

|a£J i; A n ) = z? ■ ■ ■ z^/Ti ■ ■ ■ ^IaSx). (5.1) 



4 We assume that the vector \xw) is orthonormal, (xw\xw) = 1. 
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Here the integers {r} are defined by the weights A^^ = (Ai , n +i, ^2,n+ii ■ ■ ■ > A n +i )n +i), where 
h,n+i > Ai + i, n+ i (i = 1,2, ...,n), and A n = (Ai n , A 2re , • • • , Kn), where X in > Ai + i, n (i = 
1, 2, . . . , n — 1), namely, 

n = Xin ~ Aj, n +i (i = 1, . . . , a), 

H = Aj + i, n+ i -Ai n (7 = a + 1, . . . , ra). 

If we would like to calculate the scalar product of the two vectors (|5.1|) then using the results 
for the Shapovalov form (|4.6p . (|4.7p we obtain 



(An! AitlASi; An) = 5A„,A^(An; A^IAit; An): 

(a) (a) 1 , 

M' ( r V 



(A -A (a) IA (q) -A\- B( Q V« (Q) ?; (a) "l 
^nj-'VHl n+ i, TV — I 



IV n+l 



where the symbol | ( a ) means that we specialize the Shapovalov form ()4.7p for the extremal 

A n+1 

weight A n+ i, that is we replace the Cartan elements en, ejj in the functions <pij by the corre- 
sponding components Aj in+ i, Aj >n+ i and zq by 1. 
From the condition that 

we find all admissible highest weights A n of the compact subalgebra U q (u(n)). The result is 
formulated as the theorem 

Theorem 3. 1) Every Hermitian irreducible representation of the discrete series for the non- 
compact quantum algebra U q (u(n,l)) with the extremal weight A^^ = (Ai^+i, • • • , Ki+i,n+l)> 
where the integers Aj jn +i satisfy the inequalities Aj n +i > Aj+i n +i (i = 1,2, ...,n), under the 
restriction U q (u(n,l)) \. U q (u(n)) contains all multiplicity free irreducible representations of the 
compact subalgebra U q (u(n)) with the highest weights A n = (Ai n , A2n ; • • • , A nn ) satisfying the 
conditions: 

Ain > Ai jn +i > A2,n > A2,n+1 ^ ' ' " ^ A Qn > A Qjn +i, 

A«+2,n+i > A Q+ i in > A Q +3 in +i > • ■ • > A n +i in +i > X nn . (5-2) 
2) The vectors 

\^l%^) = F[ a \A n] A[%)\Ai%), 
where the "lowering" operator F_ (A n ; AJ^) is given by 

^(A^Aiti) = ivW(A«;AW0^"~ Vn+1 -'-^ ln ~ Al,,,+1 

Aa + 2,n+l — A a _)_l iTl A n _)_l in -)-l — X n n / r Q"\ 

X z -a-l ' ' ' Z -n ) V -' 3 /' 



/or a// highest wights A n = (Ai n , A2 n) ■ ■ ■ j A nn ) constrained by the conditions (j5.2[) /orm an 
orthonormal basis in the space of the highest vectors with respect to the compact subalgebra 
Ug(u(n)). Here in (|5.3[) the normalized factor (A n ; A^j^) is given as follows : 

N {a) (A -A (a) - (A -A (a) A {q) 'A 

[Zi,n+i - Wi,n+i - 2a + n - 1]! 



n 



j Kin — k,n+l]-[k,n _ Ui,n+1 — 2a + n — 1]! 
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'Z+l.n+l 



n 

l=a+l 

n 

l<i<j'<a 

n 

«+l<ki<n 

n 



[la+l,n+l ~ k+l.n+l + 2a - n - 1]\ 



III 



l]\[l a +l,n+l ~ kn + 2at - n]\ 



lj,n-{-l\ ■ [^i,n+l 



jn 



1]! 



[lin Ijn] • [^j,n+l fj',n+l !]• 

[^fcn — ^+l,n+l — 2]![/fc+l jn +l — /; n + 1]! 



[^cn — ^n]![^fc+l,n+l — k+ 



[tin ^Irvr^i, 1 , 



1]! 



n+l — '2+l,n+l 



2]! 



in ^i+l.n+1 



2]![i 



+i 



in 



!]![/< 



i,7l+l ~~ ^+1,71+1 



1] 



l<j<a<i<n 

(Z sr := X sr — s for s = 1, 2, . . . , r; r = n, n + 1). 

The first part of the theorem coincides with the classical Gelfand-Graev case [U [6] for the 
noncompact Lie algebra u(n, 1). Using analogous construction of the Gelfand-Tsetlin basis for 
the compact quantum algebra U q (u(n)) |14j we obtain a q- analog of the Gelfand-Graev-Tsetlin 

basis for U q (u(n, 1)). Namely, in the U q (u(n, l))-module with the extremal weig ht there is 
an orthogonal Gelfand-Graev-Tsetlin basis consisting of all vectors of the form 

(a) 



A 



■71+1 
An 



A 2 
Ai 



\ = F_(Ai; A 2 )F_(A 2 ; A 3 ) • • • F„(A„„ i; A n )|A^ i; A„) 



where Aj = (Xij, A 2 j, ■ ■ ■ , Xjj) (j = 1,2, ... ,n) and the numbers Xij satisfy the standard "be- 
tween conditions" for the quantum algebra U q (u(n)), i.e. 

Ai,j+i > Xij > Aj+ij+i for 1 < i < j < n - 1. 

The lowering operators F_(A k ; A k+ i) (k = 1, 2, . . . , n — 1) are given by (see [bil [T5] ) 



F_(A fc ;A fc+ i) 
N(A k ;A k+1 ) 



N(A k ;A k+1 )p(U q (u(k)))H(e k . 



n 



7=1 

hk — h+i,k+i — 1]! 



\ [h,k+i — kkY-[k,k+i — h+i,k+i — I]' 
[k,k+i — IjkWik — lj,k+i — 1]! 



n 



l<i<j<k 



[kk — ljk] ] -[k,k+l — lj,k+l — 1]! 



where I 



X, 



ij — i for 1 < i < j < n — 1. This explicit construction allows one to obtain 



formulas for actions of the U q (u(n, l))-generators. These results will be presented elsewhere. 



6 Summary 

Thus, we obtain the explicit description of the Hermitian irreducible representations of the 
discrete series for the noncompact quantum algebra U q (u(n, 1)) by the reduction Z-algebras for 
description of which we used the standard extremal projectors. 

Next step: to obtain analogous results for U q (u(n,2)). For this aim we need to construct the 
extremal projector which is expressed in terms of the Z-algebra Z q (gl(n + l),g[(n)). 

Final aim: to consider the general case U q (u(n,m)). In this case, extremal projectors of new 
type will be used. 
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